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This paper is concerned with investigation of the eﬀects of strain-stiﬀening for the classical problem of plane strain
bending by an end moment of a rectangular beam composed of an incompressible isotropic nonlinearly elastic material.
For a variety of speciﬁc strain-energy densities that give rise to strain-stiﬀening in the stress–stretch response, the stresses
and resultant moments are obtained explicitly. While such results are well known for classical constitutive models such as
the Mooney-Rivlin and neo-Hookean models, our primary focus is on materials that undergo severe strain-stiﬀening in the
stress–stretch response. In particular, we consider in detail two phenomenological constitutive models that reﬂect limiting
chain extensibility at the molecular level and involve constraints on the deformation. The amount of bending that beams
composed of such materials can sustain is limited by the constraint. Potential applications of the results to the biomechan-
ics of soft tissues are indicated.
 2007 Elsevier Ltd. All rights reserved.
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rectangular beams by an end moment1. Introduction
This paper is concerned with investigation of the eﬀects of strain-stiﬀening for the classical problem of plane
strain bending by an end moment of a rectangular beam composed of an incompressible isotropic nonlinearly
elasticmaterial. This problemhas beenwidely investigatedwithin the theory of ﬁnite hyperelasticity largelymoti-
vated by applications to rubber. It has also been recently recognized that bending problems are of considerable
interest in the context of biomechanics of soft tissues. Our particular focus here is on investigation of the stress
response for special classes of constitutive models that give rise to severe strain-stiﬀening in their stress–stretch
curves at large strains. The constitutivemodels that we employ reﬂect limiting chain extensibility at the molecular
level and thus are appropriate for modeling non-crystallizing elastomers and soft biological tissues.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.10.022
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incompressible solids. In particular, we describe some phenomenological constitutive models that exhibit
strain-stiﬀening at large strains. The ﬁrst class of models reﬂects limiting chain extensibility at the molecular
level and gives rise to severe strain-stiﬀening in the stress–stretch response. The second class exhibits a less
abrupt strain-stiﬀening, for example, the exponential models widely used in biomechanics. In Section 3, we
summarize results for the problem of plane strain bending of a rectangular beam by end moments. This prob-
lem was one of the classical problems solved by Rivlin (1949a,b) for general incompressible isotropic elastic
solids. In Section 4, we provide explicit expressions for the stresses, resultant moment, and resultant out-
of-plane force for the classical Mooney-Rivlin and neo-Hookean models. Our main focus is on results for
strain-stiﬀening models and these are described in Section 5. Explicit analytic results are given for two limiting
chain extensibility models that exhibit severe strain-stiﬀening and also for the exponential model. These results
are compared with one another and with those for the classical models in Section 6. Aside from its obvious
application to ﬂexure of rubber, one of the motivations for the present work arises from the demonstrated
potential of the application of limiting chain extensibility models in the biomechanics of soft tissues (see,
e.g., Horgan and Saccomandi, 2003b; Holzapfel, 2005). We refer to Humphrey (2002, 2003) and Taber
(2004) for extensive discussions of the applications of nonlinear elasticity theory to many aspects of cardiovas-
cular mechanics. In particular, bending problems of the type considered here were shown by Taber (2004) to
arise in the context of cardiac looping of an embryonic heart.
2. Preliminaries
In continuum mechanics, the mechanical properties of elastomeric materials are described in terms of a
strain-energy density function W per unit undeformed volume. If the left Cauchy-Green tensor is denoted
by B = FFT, where F is the gradient of the deformation and k1, k2, k3 are the principal stretches, then, for
an isotropic material, W is a function of the strain invariantsI1 ¼ trB ¼ k21 þ k22 þ k23; ; I2 ¼
1
2
ðtrBÞ2  trðB2Þ
h i
¼ k21k22 þ k22k23 þ k23k21;
I3 ¼ detB ¼ k21k22k23: ð1ÞRubber-like materials are often assumed to be incompressible provided that the hydrostatic stress does not be-
come too large and so the admissible deformations must be isochoric, i.e., detF = 1 so that I3 = 1. The re-
sponse of an incompressible isotropic elastic material can be determined by applying the standard
constitutive law (see, e.g., Ogden, 1984; Beatty, 1987; Holzapfel, 2000)T ¼ p1þ 2 oW
oI1
B 2 oW
oI2
B1; ð2Þwhere p is a hydrostatic pressure term associated with the incompressibility constraint and T denotes the Cau-
chy stress.
The classical strain-energy density for incompressible rubber is the Mooney-Rivlin strain-energyW MR ¼ 1
2
l½aðI1  3Þ þ ð1 aÞðI2  3Þ; ð3Þwhere l > 0 is the constant shear modulus for inﬁnitesimal deformations and 0 < a 6 1 is a dimensionless con-
stant. When a = 1 in (3), one obtains the neo-Hookean strain-energyW nH ¼ l
2
ðI1  3Þ; ð4Þwhich corresponds to a Gaussian statistical mechanics model, and is often referred to as the kinetic theory of
rubber. The theoretical predictions based on (3) do not adequately describe experimental data for rubber espe-
cially at high values of strain. For example, the strain-energy (3) is not able to describe the characteristic
S-shaped load versus stretch curve exhibited in simple tension experiments. For modeling of soft biological
tissue, where rapid strain-stiﬀening occurs even at moderate stretches (see, e.g., Humphrey, 2002, 2003;
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native models have been proposed. In the molecular theory of elasticity these models are usually called non-
Gaussian because they introduce a distribution function for the end-to-end distance of the polymeric chain
composing the rubber-like material which is not Gaussian. Such models are applicable to many other mate-
rials such as low-density polyethylenes (Haward, 1999), wool and hair ﬁbers (Hearle, 2000), and DNA mol-
ecules (Marko and Siggia, 1995). From the phenomenological point of view, the non-Gaussian models of
concern here can be divided into two classes: models with limiting chain extensibility and strain-hardening
models. Our emphasis is primarily on the former.
Some phenomenological models that have been shown to be particularly useful in modeling severe strain-
stiﬀening phenomena are those reﬂecting a maximum achievable length of the polymeric molecular chains
composing the material (see Horgan and Saccomandi, 2006 for a review). More recent papers are those of
Beatty (2007a, in press) who uses the term ‘‘limited elastic’’ for such materials. For isotropic incompressible
materials, these can be described by strain-energies of the form W(I1, I2, I*) where I* is the limiting value of I1.
The function W is such that the stress components are unbounded as I1! I* and so one must impose the
constraintI1 < I; ð5Þ
on admissible deformations. One such model is a three-parameter model due to Gent (1996, 1999), who pro-
posed the strain-energy densityW ¼ l
2
aJm ln 1 I1  3Jm
 
þ ð1 aÞðI2  3Þ
 
; ð6Þwhere l is the shear modulus for inﬁnitesimal deformations, a (0 < a 6 1) is a dimensionless constant and Jm is
the limiting value of I1  3, taking into account limiting polymeric chain extensibility so that I ¼ Jm þ 3 for
this model. On taking the limit as Jm!1 in (6) we recover the Mooney-Rivlin model (3). Other related three-
parameter models with more elaborate dependence on I2 are discussed in Pucci and Saccomandi (2002) and in
Ogden et al. (2004).
For the case when a = 1 in (6), ﬁrst proposed by Gent (1996), we obtain the two-parameter generalized neo-
Hookean model (i.e., W =W(I1))W G ¼  l
2
Jm ln 1 I1  3Jm
 
; I1 < Jm þ 3; ð7Þ(henceforth called the basic Gent model), and one recovers the neo-Hookean model on taking the limit as
Jm!1 in (7). For rubber, typical values for the dimensionless parameter Jm for simple extension range from
30 to 100 whereas for biological tissue, much smaller values of Jm are appropriate. For example, for human
arterial wall tissue, values on the order of 0.4–2.3 have been suggested by Horgan and Saccomandi (2003b).
On using (2), we ﬁnd that the Cauchy stress associated with (7) is given byT ¼ pIþ l Jm
Jm  ðI1  3ÞB; ð8Þso that the stress has a singularity as I1! Jm + 3, reﬂecting the rapid strain-stiﬀening observed in experiments.
The basic Gent model (7) gives theoretical predictions similar to the more complicated eight-chain model
based on inverse Langevin function compact support statistics proposed by Arruda and Boyce (1993) (see also
Boyce, 1996; Boyce and Arruda, 2000). A molecular basis for the basic Gent model was given by Horgan and
Saccomandi (2002b). It was shown that the inﬁnitesimal shear modulus is l = nkT as is usual in the molecular
models, where k is the Boltzmann constant, T is the absolute temperature, and n is the chain density, while
Jm = 3(N  1), where N is the number of links in a single chain. Thus the basic Gent phenomenological model
predicts similar behavior to the molecular models, has a clear microscopic interpretation for the constitutive
coeﬃcients, and is tractable analytically. In previous work by Horgan and Saccomandi (1999a,b, 2001a,b,
2003a), this latter feature was exploited to explicitly analyze the eﬀect of strain-stiﬀening in a number of phys-
ical settings involving non-homogeneous deformations namely torsion, axial shear, azimuthal shear, anti-plane
shear, and helical shear, respectively. For the boundary-value problems investigated, explicit closed form solu-
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ber. A relation between the Gent model and the worm-like chain model for long chain polymers was discussed
in Ogden et al. (2006, 2007). On using analysis involving homogeneous deformations, new results on the frac-
ture of rubber were obtained by Horgan and Schwartz (2005) and an investigation of instabilities arising in
cylindrical and spherical inﬂation of pressurized thin shells was carried out by Gent (1999, 2005) and by Kan-
ner and Horgan (2007). The results obtained in these studies for large strains are radically diﬀerent from the
predictions of the classical models.
An alternative two-parameter limiting chain extensibility model with W(I1, I2,J) was proposed by Horgan
and Saccomandi (2004) whereW N ¼  l
2
ðJ  1Þ2
J
ln
J 3  J 2I1 þ JI2  1
ðJ  1Þ3
 !
; JI1  I2 < J
3  1
J
; J > 1; ð9Þor, on using the principal stretches of the deformation,W N ¼  l
2
ðJ  1Þ2
J
ln
1 k21J
 
1 k22J
 
1 k23J
 
1 1J
 	3
0@ 1A; k1k2k3 ¼ 1: ð10Þ
In (9) and (10), l is the shear modulus for inﬁnitesimal deformations. Note that the deﬁnitions of WN here
diﬀer from those in Horgan and Saccomandi (2004, 2005, 2006) and in Horgan and Schwartz (2005) by a fac-
tor of (J  1)2/J2. The limiting chain extensibility parameter J is the square of the maximum stretch allowed by
the ﬁnite extensibility of the chains so thatmax k21; k
2
2; k
2
3
 	
< J : ð11ÞAgain, in the limit as J!1 in (9) or (10), we recover the neo-Hookean model (4). It is important to point out
the diﬀerence between the constraint (11) and the constraint I1 < Jm + 3 arising in connection with the Gent
model. As already pointed out in Horgan and Saccomandi (2002a, 2006), the limiting chain condition expressed
in terms of the principal invariant is less physically accessible than (11). Furthermore, the absence of the depen-
dence on the second invariant in the basic Gent model entails some physical limitations. Thus theWNmodel has
advantages over the basic Gent model. Note that (10) belongs to the class of models for whichW(k1,k2,k3,J),
with k1k2k3 = 1 because of incompressibility. For such models, the limiting chain extensibility constraint is gi-
ven in terms of the principal stretches directly and this has some advantages from a physical point of view. This
alternative approach to constitutive model development reﬂecting limiting chain extensibility has been dis-
cussed by Horgan and Saccomandi (2002a), Murphy (2006), and Horgan and Murphy (2007). The response
of the WN model in homogeneous deformations such as simple extension, simple shear, and equibiaxial exten-
sion was examined in Horgan and Schwartz (2005) and in Kanner and Horgan (2007).
There is an important connection between the Gent and WN models that we shall make use of later. It can
be readily veriﬁed that, for all deformations for whichI1 ¼ I2; ð12Þ
we haveW G ¼ W N ð13Þ
if Jm in the deﬁnition (7) is formally replaced by eJ whereeJ  ðJ  1Þ2
J
: ð14ÞOf course this does not imply any relation between derivatives of the respective strain-energies with respect to
the invariants. For the bending problem of concern here, we will show that (12) holds and so the equivalence
result just described will apply.
While our primary concern here is with limiting chain extensibility models such as the above that exhibit
severe strain-stiﬀening, we note that there are numerous strain-hardening constitutive models that have been
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model of this type widely used in the biomechanics literature is the two-parameter strain-energy densityW F ¼ l
2b
exp½bðI1  3Þ  1f g; ð15Þwhere the dimensionless constant b > 0. This exponential model was ﬁrst proposed by Fung (1967). On taking
the limit as b! 0 in (15) we recover the neo-Hookean model (4).
We observe that, while the exponential model reﬂects strain hardening, it does not exhibit the rapid strain-
stiﬀening characteristic of the limiting chain extensibility models. This is an important diﬀerence between these
models. A recent paper by Chagnon et al. (2004) suggests that both types of models are essentially equivalent
but as was discussed in Horgan and Saccomandi (2006) there are several signiﬁcant diﬀerences in their predic-
tions. For example, as described in detail in Horgan and Saccomandi (2001b), the shear stresses at the tip of a
Mode III crack are singular for the model (15) whereas these crack tip stresses are bounded for the Gent model
(7). It was shown by Horgan and Schwartz (2005) that similar results hold for fracture toughness in the tearing
test for rubber. See also Ogden and Saccomandi (2007) for a discussion of this point in the context of arterial
wall mechanics.
3. Plane strain bending of a rectangular bar
The problem of plane strain bending (ﬂexure) of an incompressible rectangular bar into a curved circular-
sector was one of the classic problems considered by Rivlin (1949a,b) for a general incompressible isotropic
hyperelastic material (see also presentations in the books of Ogden, 1984; Lai et al., 1993; Taber, 2004).
The solution obtained by Rivlin is controllable, i.e., valid for all incompressible isotropic hyperelastic solids.
For convenience of the reader, in this Section we brieﬂy present a derivation of the general expressions for the
stresses, resultant bending moment, and resultant out-of-plane force necessary to maintain plane strain. Our
approach is based on that of Lai et al. (1993).
For the problem at hand (see Fig. 1), we consider the deformation ﬁeldr ¼ f ðX Þ; h ¼ Y
q
; z ¼ Z; ð16Þwhere 1/q is a parameter that controls the amount of deformation, and is closely related to the curvature of the
deformed bar as will be shown later. The Cartesian coordinates (X,Y,Z) refer to the undeformed conﬁgura-
tion with A 6 X 6 A, B 6 Y 6 B, and C 6 Z 6 C, while the cylindrical coordinates (r,h,z) denote points
in the deformed conﬁguration. Note from Fig. 1 that the origin of the Cartesian coordinate system lies at the
center of the undeformed bar, while the origin of the cylindrical coordinate system lies outside the bar.
On using (16), we ﬁnd that the components of the deformation gradient tensor F are given byF ¼
df
dX 0 0
0 fq 0
0 0 1
0B@
1CA: ð17ÞFor an incompressible material we require detF = 1 and so we obtain the diﬀerential equationdf
dX
 
f
q
 
¼ 1; ð18Þwhich may easily be solved for f(X) to yieldr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2qX þ b
p
; ð19Þwhere b is an integration constant yet to be determined. We see from (19) and the range of X and Y thatﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b 2qA
p
6 r 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ 2qA
p
and  B=q 6 h 6 B=q: ð20ÞWe denote the inner and outer radii of the deformed sector by
Fig. 1. Plane strain bending of a rectangular bar.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b 2qA
p
; r2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
bþ 2qA
p
; ð21Þrespectively. To ensure that r1 is real, the constant of integration b must satisfyb > 2qA: ð22ÞFrom (17) and (18) we ﬁnd the left Cauchy-Green tensor to beB ¼
q2=r2 0 0
0 r2=q2 0
0 0 1
0B@
1CA; ð23Þwith principal invariantsI1 ¼ I2 ¼ q
2
r2
þ r
2
q2
þ 1; I3 ¼ 1: ð24ÞThe inverse of B isB1 ¼
r2=q2 0 0
0 q2=r2 0
0 0 1
0B@
1CA: ð25ÞOn using the constitutive law (2) for the Cauchy stresses in an isotropic, incompressible, hyperelastic mate-
rial with strain-energy density W =W(I1, I2), we ﬁnd that
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2
r2
W 1  2 r
2
q2
W 2; ð26Þ
T hh ¼ p þ 2 r
2
q2
W 1  2 q
2
r2
W 2; ð27Þ
T zz ¼ p þ 2W 1  2W 2; ð28Þ
T rh ¼ T rz ¼ T zh ¼ 0; ð29ÞwhereW i  oWoI i

I1¼I2¼q
2
r2
þr2
q2
þ1
ði ¼ 1; 2Þ; ð30Þand p is the, as yet undetermined, hydrostatic pressure.
The equilibrium equations in absence of body forces reduce tooT rr
or
þ 1
r
ðT rr  T hhÞ ¼ 0; oT hhoh ¼ 0;
oT zz
oz
¼ 0: ð31ÞSinceWi is a function of r only, we see from (26)–(28) and (31) that the hydrostatic pressure p must be a func-
tion of r only. Furthermore, we note thatdW
dr
¼ oW
oI1
dI1
dr
þ oW
oI2
dI2
dr
¼ 2 q
2
r3
þ r
q2
 
oW
oI1
þ oW
oI2
 
¼  1
r
ðT rr  T hhÞ; ð32Þand so (31)1 may be rewritten asdT rr
dr
 dW
dr
¼ 0: ð33ÞThus we ﬁnd thatT rrðrÞ ¼ W ðrÞ þ K; ð34Þ
where K is a constant of integration.
We may now determine the integration constants K and b by applying the boundary conditions of traction-
free lateral surfaces so thatT rr ¼ 0 at r ¼ r1 and r ¼ r2: ð35Þ
On using (34), the conditions (35) yieldW ðr1Þ þ K ¼ 0; W ðr2Þ þ K ¼ 0; ð36Þ
so thatK ¼ W ðr1Þ; W ðr1Þ ¼ W ðr2Þ: ð37Þ
If we deﬁne IðrÞ  I1ðrÞ ¼ I2ðrÞ ¼ q2r2 þ r
2
q2 þ 1, then we may writeW =W(I(r)). Since one expectsW to increase
with increasing strain, we assume that W is a monotonically increasing function of I. Thus (37)2 implies thatIðr1Þ ¼ Iðr2Þ; ð38Þ
which may be rewritten asq2
r21
þ r
2
1
q2
þ 1 ¼ q
2
r22
þ r
2
2
q2
þ 1: ð39ÞThis implies thatq2 ¼ r1r2: ð40Þ
From (40) we see that q is the geometric mean of the inner and outer radii of the deformed beam and so
1/q may be thought of as the geometric mean curvature of the beam. Furthermore, r = q is the location
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bar have length L = 2B, while from Fig. 1 it is seen that the image of these lines in the deformed con-
ﬁguration have length l ¼ 2Brq , and so the line at r = q does not change length. The bending angle is given
as2x ¼ l
r
¼ 2B
q
: ð41ÞIt can be easily shown that I(r) has a minimum at r = q where I(q) = 3 and soW(r) is also a minimum there and
W(q) = 0. Furthermore, it can be shown that Imax, and therefore Wmax, occurs at r = r1 and r = r2. We can
also see from (26)–(29) that at r = q the stress ﬁeld is a state of hydrostatic pressure withT rrðqÞ ¼ T hhðqÞ ¼ T zzðqÞ ¼ pðqÞ þ 2ðW 1ðqÞ  W 2ðqÞÞ: ð42Þ
On using (21), Eq. (40) may be solved for b to yieldb ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q4 þ 4q2A2
q
; ð43Þwhere the positive square root is taken to ensure that (22) holds. On using (43) in (19) we ﬁnd that r = q cor-
responds toXn ¼ q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 þ 4A2
p
2
: ð44ÞNote that this result holds for all isotropic incompressible materials regardless of the strain-energy density
employed and so is a universal (kinematic) relation (see, e.g., Saccomandi, 2001, for a review of such re-
sults). As q!1 in (44) (i.e., small bending), Xn! 0 as one might anticipate since this corresponds to the
geometric center-line of the undeformed beam. On the other hand, as q! 0 (i.e., large bending) one ﬁnds
from (44) that Xn! A so that the neutral axis approaches the left-hand side of the undeformed bar in
this limit.
On substituting from (37) into (34) we ﬁnd thatT rrðrÞ ¼ W ðrÞ  W ðr1Þ ð45Þ
where r1 is deﬁned by (21) and (43). Since W is a maximum at r1, we see that Trr is always compressive. Also,
sinceW = 0 at r = q, we see that Trr is a minimum on the neutral axis with value Trr(q) = W(r1) = W(r2).
On returning to (31)1 and making use of (45) we ﬁnd thatT hh ¼ r dT rr
dr
þ T rr ¼ d
dr
ðrT rrÞ ¼ d
dr
½rW ðrÞ  W ðr1Þ: ð46ÞIt may be shown on using (46) and the properties of W just discussed that Thh is compressive in a region near
the inner surface and tensile near the outer surface, as one would expect physically. On using (26) and (45) we
ﬁnd that the hydrostatic pressure is given byp ¼ 2 q
2
r2
W 1  2 r
2
q2
W 2  W ðrÞ þ W ðr1Þ: ð47ÞThus, on the neutral axis, we ﬁnd that (42) reduces toT rrðqÞ ¼ T hhðqÞ ¼ T zzðqÞ ¼ W ðr1Þ; ð48Þ
and so all these stresses are compressive there. We ﬁnd from (28) and (47) that the out-of-plane normal stress isT zz ¼ 2 1 q
2
r2
 
W 1  2 1 r
2
q2
 
W 2 þ W ðrÞ  W ðr1Þ: ð49ÞNote that the resultant normal force on the end planes of the beam (i.e., at h = ± B/q) is identically equal to
zero since
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r1
T hh dr ¼ ½rW ðrÞ  rW ðr1Þr2r1 ¼ r2T rrðr2Þ  r1T rrðr1Þ ¼ 0: ð50ÞThe resultant ﬂexural couple on the end planes, per unit thickness of the beam, is given byM ¼
Z r2
r1
rT hh dr ¼
Z r2
r1
r
d
dr
½rW ðrÞ  W ðr1Þ
 
dr; ð51Þwhich upon integrating by parts and making use of (21) may be written asM ¼ 2qAW ðr1Þ 
Z r2
r1
rW ðrÞdr: ð52ÞFinally, we ﬁnd the out-of-plane resultant force asF z ¼
Z B=q
B=q
Z r2
r1
T zzrdrdh ¼ 2Bq
Z r2
r1
T zzrdr: ð53ÞThis force is necessary to maintain a state of plane strain.
We observe that Trr depends only onW(r) and that Thh andM depend only onW(r) and dW/dr. However,
Tzz and Fz involve derivatives of W with respect to the invariants.4. Stress responses for classical constitutive models
In Rivlin (1949a,b), some results were given for the Mooney-Rivlin and neo-Hookean models. In the nota-
tion used in the present paper, for the Mooney-Rivlin material with strain-energy density given by (3), we ﬁnd
from (24) thatW MRðrÞ ¼ l
2
q2
r2
þ r
2
q2
 2
 
: ð54ÞFrom (45), (46), (49), (52), and (53) we ﬁnd thatTMRrr ¼
l
2
q2
r2
þ r
2
q2
 r2
r1
 r1
r2
 
; ð55Þ
TMRhh ¼
l
2
 q
2
r2
þ 3 r
2
q2
 r2
r1
 r1
r2
 
; ð56Þ
TMRzz ¼
l
2
ð4a 2Þ þ ð1 2aÞ q
2
r2
þ ð3 2aÞ r
2
q2
 r2
r1
 r1
r2
 
; ð57Þ
MMR ¼ l
2
2A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 þ ð2AÞ2
q
 q2 ln r2
r1
 
; ð58ÞandF MRz ¼ lABð2a 1Þ 4 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4ðA=qÞ2
q
 q
A
ln
r2
r1
 
: ð59ÞWe observe that the parameter a appearing in the deﬁnition (3) of the Mooney-Rivlin material appears only in
(57) and (59) so that, except for the normal stress Tzz and its resultant force Fz, the stress distributions for the
Mooney-Rivlin and neo-Hookean models are identical. This is a reﬂection of the comments made in the con-
cluding paragraph of Section 3. On setting a = 1 in (57) and (59), we thus ﬁnd for a neo-Hookean material
with strain-energy density given by (4) that
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2
q2
r2
þ r
2
q2
 2
 
; ð60Þ
T nHrr ¼
l
2
q2
r2
þ r
2
q2
 r2
r1
 r1
r2
 
; ð61Þ
T nHhh ¼
l
2
 q
2
r2
þ 3 r
2
q2
 r2
r1
 r1
r2
 
; ð62Þ
T nHzz ¼
l
2
2 q
2
r2
þ r
2
q2
 r2
r1
 r1
r2
 
; ð63Þ
MnH ¼ l
2
2A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 þ ð2AÞ2
q
 q2 ln r2
r1
 
; ð64ÞandF nHz ¼ lAB 4 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4ðA=qÞ2
q
 q
A
ln
r2
r1
 
: ð65ÞOn using (57) and (63), it can be shown that (for a5 1) the out-of-plane stress is such thatTMRzz P T
nH
zz ; ð66Þwith equality only on the neutral axis where both stresses are compressive (see (48)). Both of these stresses are
compressive in a region near the inner surface and tensile near the outer surface. Moreover, the resultant out-
of-plane force F nHz given in (65) can be shown to be compressive. The situation is diﬀerent for the Mooney-Riv-
lin model where F MRz is given by (59). For 1/2 < a < 1, this force is compressive while for 0 < a < 1/2, it is ten-
sile. For the special case a = 1/2, we see from (59) thatF MRz ¼ 0: ð67Þ
Thus the character of the resultant out-of-plane force necessary to maintain plane strain for bending of a beam
composed of a Mooney-Rivlin material changes from compressive to tensile as the material parameter a de-
creases and transitions through a = 1/2.
On returning to the Mooney-Rivlin model, it is of interest to consider Eqs. (58) and (59) for the case of
small deformations. If we assume that A/q 1 and neglect terms of order (A/q)3 and higher, then we may
show that (58) and (59) may be approximated as (we drop the superscript notation here)M  8
3
lA3
q
ð68ÞandF z   8
3
lA3Bð2a 1Þ
q2
; ð69Þrespectively. The resultant out-of-plane force Fz is thus seen to be a second order eﬀect. Furthermore, A/q 1
implies that r/q  1 for all r1 < r < r2 and we ﬁnd from (56) that, on neglecting terms of order (A/q)2 and
higher,T hh  4l rq 1
 
: ð70ÞTo this order, Fz  0 as in linearized elasticity. On using (68) and (70) we recover the well-known linear-elastic
ﬂexure formulaT hh ¼ 3
2
M
A3
ðr  qÞ ¼ 2CM
I
ðr  qÞ; ð71Þwhere I = (2C)(2A)3/12 is the moment of inertia of the cross-sectional area about the Y-axis and 2CM is the
total applied moment, since M is deﬁned as the applied moment per unit thickness. Of course, the bending
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case, however, in the nonlinear theory. In fact, we have seen in (48) that, for general strain-energies, the bend-
ing stress is always compressive on the neutral axis.
5. Stress responses for strain-stiﬀening constitutive models
For the Gent model with strain-energy density given by (7), we ﬁnd from (24) thatW GðrÞ ¼  l
2
Jm ln
Jm  q2r2 þ r
2
q2  2
 
Jm
24 35: ð72Þ
In a quasi-static bending process, the constraint (7)2 will ﬁrst be reached on the inner and outer radii of the
deformed bar since we have Imax = I(r1) = I(r2). Thus, to ensure that the pointwise constraint (7)2 holds for all
r in the range (20)1, it is suﬃcient to assume the global constraintr1
r2
þ r2
r1
 2 < Jm; ð73Þwhere we have made use of the relations (24) and (40). On using (21) and (43), the constraint (73) may be
solved for A/q to yieldA
q
<
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J 2m þ 4Jm
q
4
: ð74ÞFor a given beam width (i.e., given A), the inequality (74) imposes an upper limit on the amount of bending
that a strain-stiﬀening beam composed of a Gent material can sustain. In terms of the bending angle 2x de-
ﬁned in (41), we write (74) asxG <
B
A
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J 2m þ 4Jm
q
4
: ð75ÞThus, for a given aspect ratio B/A of the beam and a given extensibility parameter Jm in the Gent model, the
result (75) provides an explicit expression for the maximum bending angle of the beam.
From (45), (46), (49), and (52) we ﬁnd thatTGrr ¼ 
l
2
Jm ln
Jm  q2r2 þ r
2
q2  2
 
Jm  r2r1 þ
r1
r2
 2
 
24 35; ð76Þ
TGhh ¼ 
l
2
Jm ln
Jm  q2r2 þ r
2
q2  2
 
Jm  r2r1 þ
r1
r2
 2
 
24 35þ 2 q2r2  r2q2
Jm  q2r2 þ r
2
q2  2
 
8<:
9=;; ð77Þ
TGzz ¼ 
l
2
Jm ln
Jm  q2r2 þ r
2
q2  2
 
Jm  r2r1 þ
r1
r2
 2
 
24 35þ 2 q2r2  1
Jm  q2r2 þ r
2
q2  2
 
8<:
9=;; ð78Þ
MG ¼ l
4
Jm q2J 2 ln
J 1 þ J 2  2 r1r2
J 1 þ J 2  2 r2r1
 !
þ q2ðJ 1  J 2Þ ln r1r2
 
 4qA
" #
; ð79ÞwhereJ 1  Jm þ 2 and J 2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
JmðJm þ 4Þ
p
: ð80ÞThe out-of-plane resultant force Fz deﬁned in (53) was not amenable to evaluation in closed analytic form. As
Jm!1 it can be veriﬁed on using l’Hopital’s rule that these results reduce to (61)–(64) for the neo-Hookean
model.
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2
ðJ  1Þ2
J
ln
J 2  q2r2 þ r
2
q2
 
J þ 1
ðJ  1Þ2
24 35: ð81Þ
For the bending deformation at hand (24)1 shows that I1 = I2 and so by virtue of (13), the expression (81)
should coincide with (72) if we formally replace Jm with eJ ¼ ðJ  1Þ2=J . It may be veriﬁed directly that this
is the case. The constraint (9)2 for the W
N model can thus be deduced directly from (74) asA
q
<
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃeJ 2 þ 4eJp
4
¼ J
2  1
4J
: ð82ÞIn terms of the bending angle x, we getxN <
B
A
J 2  1
4J
 
: ð83ÞFrom (45), (46), (49), and (52) we ﬁnd thatT Nrr ¼ 
l
2
eJ ln eJ  q2r2 þ r2q2  2
 
eJ  r2r1 þ r1r2  2 
24 35; ð84Þ
T Nhh ¼ 
l
2
eJ ln eJ  q2r2 þ r2q2  2
 
eJ  r2r1 þ r1r2  2 
24 35þ 2 q2r2  r2q2eJ  q2r2 þ r2q2  2 
8<:
9=;; ð85Þ
T Nzz ¼ 
l
2
eJ ln eJ  q2r2 þ r2q2  2
 
eJ  r2r1 þ r1r2  2 
24 35 2 ðJ  1Þ J  r2q2
 
1 q2r2
 
J 2  J q2r2 þ r
2
q2
 
þ 1
8<:
9=;; ð86Þ
MN ¼ l
4
ðJ  1Þ2
J
q2
J 2  1
J
ln
J  r1r2
J  r2r1
 !
þ q2 2
J
ln
r1
r2
 
 4qA
" #
: ð87ÞThe resultant out-of-plane force Fz was not amenable to analytic evaluation. In view of the remark made after
(81) and the concluding paragraph of Section 3, we note that, except for the normal stress Tzz, the stress dis-
tributions and resultant moment for the Gent and WN models are identical on formally replacing Jm witheJ ¼ ðJ  1Þ2=J .
For a material with strain-energy density given by the Fung exponential model (15) we obtain from (24)
thatW F ðrÞ ¼ l
2b
e
b q
2
r2
þr2
q2
2
 
 1
" #
; ð88Þand we ﬁnd the Cauchy stresses from (45), (46), and (49) asT Frr ¼
l
2b
e
b q
2
r2
þr2
q2
2
 
 eb
r2
r1
þr1r22
 " #
; ð89Þ
T Fhh ¼
l
2b
2b  q
2
r2
þ r
2
q2
 
þ 1
 
e
b q
2
r2
þr2
q2
2
 
 eb
r2
r1
þr1r22
 ( )
; ð90Þ
T Fzz ¼
l
2b
2b 1 q
2
r2
 
þ 1
 
e
b q
2
r2
þr2
q2
2
 
 eb
r2
r1
þr1r22
 ( )
: ð91Þ
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obtainable in analytic closed form for the Fung model.
6. Discussion
In Fig. 2 we plot the non-dimensionalized applied bending momentM/lA2 versus the non-dimensionalized
geometric mean curvature of the beam A/q (=x(A/B)) for the Gent model for the three representative values
Jm = 2.289, 30, 97.2 and for Jm =1 which corresponds to both the Mooney-Rivlin and neo-Hookean models.
The value Jm = 97.2 was suggested by Gent (1996) on the basis of experiments on rubber, while the value
Jm = 2.289 was proposed by Horgan and Saccomandi (2003b) as appropriate for human arterial wall tissue.
The value Jm = 30 was chosen as an intermediate value. These four values correspond, by virtue of (14), to the
WN model with J = 4.402, 32, 99.2, and 1, respectively. The constraint (74) or (82) shows that these curves
have vertical asymptotes (not shown in the ﬁgure) at A/q = 0.949, 7.98, and 24.8 for the ﬁnite values of Jm (or
J), respectively. The corresponding maximum bending angles are x = 0.949(B/A), 7.98(B/A), and 24.8(B/A).
For the Mooney-Rivlin and neo-Hookean models, the non-dimensionalized applied bending moment
approaches a horizontal asymptote since it is easily shown from (58) or (64) thatFig. 2.
and1
and nelim
A=q!1
MMR=nH
lA2
¼ 2: ð92ÞThis result does not appear to have been previously noticed in the literature for the classical models. The dot-
ted lines in Fig. 2 are numerical results for the Fung exponential model with b = .55, .035, and .01. These val-
ues of b were chosen to give results as similar as possible to the Gent andWN models. We see from Fig. 2 that
the Fung model gives results nearly identical to the Gent and WN models up to relatively large bending, but
the curves ultimately diverge, as they must, since the Fung model does not lead to a vertical asymptote.
In Figs. 3–6 we plot the non-dimensionalized stresses at a representative amount of curvature A/q =
p/4  .79 (i.e., q/A  1.3). The value A/q = p/4 was chosen so that a beam with an aspect ratio of B/A = 2
would be deformed into a semi-circle (i.e., 2x = 2(B/A)(A/q) = p). In Fig. 3 we plot Trr/l versus X/A, while
in Fig. 4 we plot the same stress versus r/A, for the Gent andWNmodels for the two smaller values of Jm and J
and for the neo-Hookean model (Jm = J =1). The range for r/A in Fig. 4 is r1/A = 0.687 6 r/A 6 2.359 = r2/
A. Results for the exponential model with b = .035 and .55 (dotted lines) are also shown for comparison pur-
poses. For the smaller value of b, the curves are virtually coincident with those for the Gent model withBending moment versus non-dimensionalized geometric mean curvature of the beam for the Gent model with Jm = 2.289, 30, 97.2,
, which is also valid for theWN model with J = 4.042, 32, 99.2, and1. The value Jm =1 corresponds to both the Mooney-Rivlin
o-Hookean models. The dotted curves show numerical results for the Fung exponential model with b = .55, .035, and .01.
Fig. 3. Trr/l versus X/A with A/q = p/4  .79 for the Gent model with Jm = 2.289, 30, and1, which is also valid for the WN model with
J = 4.402, 32, and 1. The value Jm =1 corresponds to both the Mooney-Rivlin and neo-Hookean models. The dotted curves show
results for the Fung exponential model with b = .035 and .55. For the smaller value of b, this curve is virtually coincident with that for the
Gent model with Jm = 30.
Fig. 4. Trr/l versus r/A with A/q = p/4  .79 for the Gent model with Jm = 2.289, 30, and1, which is also valid for the WN model with
J = 4.402, 32, and 1. The value Jm =1 corresponds to both the Mooney-Rivlin and neo-Hookean models. The dotted curves show
results for the Fung exponential model with b = .035 and .55. For the smaller value of b, this curve is virtually coincident with that for the
Gent model with Jm = 30.
1726 L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 1713–1729Jm = 30. In Fig. 5 we plot the bending stress Thh/l versus X/A for the smallest value of Jm or J and for the neo-
Hookean model (Jm = J =1) together with the corresponding result for the exponential model. The results
for the latter model virtually coincide with those for the Gent and WN models except near the right-hand side
of the undeformed beam. In Fig. 6 (left side) the out-of-plane stress Tzz/l is plotted versus X/A for the Moo-
ney-Rivlin model with a = 0.2, 0.4, 0.6, 0.8, and 1, where the last value corresponds to the neo-Hookean case.
This plot illustrates the analytic result (66), i.e., TMRzz P T
nH
zz and shows that these stresses are compressive near
the inner surface and tensile near the outer. In Fig. 6 (right side) the corresponding plot is given for the Gent
and WN models with Jm = 2.289 and J = 4.042, respectively, and for the neo-Hookean model.
Fig. 4 illustrates features of the compressive stress Trr discussed in Section 3 for general strain-energies. All
of the curves in Fig. 4 are seen to reach their minima on the neutral axis where r/A = q/A = 1.3. Equivalently,
on using (44), the neutral axis is located at X/A =  .55 in the undeformed bar (see Fig. 3). It can also be seen
that the stress values at these minima decrease as the stiﬀening parameters decrease. In fact, at any given value
of r/A, the stresses Trr decrease monotonically with Jm or J.
Fig. 5. Thh/l versus X/A with A/q = p/4  .79 for the Gent model with Jm = 2.289 and 1, which is also valid for the WN model with
J = 4.402 and1. The value Jm =1 corresponds to both the Mooney-Rivlin and neo-Hookean models. The dotted curve shows results for
the Fung exponential model with b = .55, which virtually coincides with that for the Gent andWN models except near the right side of the
undeformed beam.
Fig. 6. (Left side) Tzz/l versus X/A with A/q = p/4  .79 for the Mooney-Rivlin model with a = 0.2, 0.4, 0.6, 0.8, and 1. (Right side) Tzz/l
versus X/A with A/q = p/4  .79 for the Gent model (solid lines) with Jm = 2.289 and 1 and for the WN model (dashed line) with
J = 4.402 and 1. The values Jm =1 and J =1 correspond to the neo-Hookean model.
L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 1713–1729 1727The bending stress Thh plotted in Fig. 5 is compressive near the inner surface of the bent beam and tensile
near the outer surface. We observe that the magnitude of the bending stress for the strain-stiﬀening models is
much larger than that for the neo-Hookean model, especially near the inner and outer surfaces. If we compare
Fig. 5 with Fig. 6.25b on p. 315 of Taber (2004), we see there are qualitative similarities between the predic-
tions of the Gent and WN models with the predictions for two transversely isotropic models that Taber sug-
gests may be appropriate for modeling an embryonic heart during looping. The Gent and WN models predict
behavior that is qualitatively similar to the circumferential transversely isotropic model used by Taber (2004)
1728 L.M. Kanner, C.O. Horgan / International Journal of Solids and Structures 45 (2008) 1713–1729near the inner radius of the deformed material and similar to the longitudinal transversely isotropic model of
Taber (2004) near the outer radius of the deformed material. This reinforces results obtained in the recent lit-
erature (see, e.g., Horgan and Saccomandi, 2003b; Holzapfel, 2005) that suggest that the Gent andWN models
may be particularly useful in modeling the mechanical behavior of a wide variety of biological materials.
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